Abstract. We give a simple proof of the Lalonde-McDuff conjecture for aspherical manifolds.
Introduction
Let G be a topological group acting on a manifold M. Let
be the universal fibration associated to the action. It is a fundamental question to determine the cohomology H * (M G ). This cohomology is also known as the equivariant cohomology of M associated with the action of G and denoted by H G (M). A cohomology class in
It follows from the Leray-Hirsch theorem (Theorem 4D.1 in Hatcher [2] ) that H(M G ; Q) is isomorphic as an H * (BG; Q)-module to the tensor product of the cohomology of the base ans the cohomology of the fibre if and only if the homomorphism i * : H * (M G ; Q) → H * (BG; Q) induced by the inclusion of the fibre is surjective.
In the present note we make a simple observation about the above homomorphism under some hypothesis on the group action. As a consequence we prove the so called Lalonde-McDuff conjecture for aspherical manifolds (see Section 3 for details).
The main observation
Let c : M → Bπ 1 (M) be the map classifying the universal cover. A cohomology class α ∈ H * (M) is called a π 1 -class if it is in the image of the induced homomorphism
Let p ∈ M be a fixed point and let ev : G → M be the corresponding evaluation map defined by Proof. If the evaluation map induces the trivial homomorphism on the fundamental group then the connecting homomorphism
is also trivial. In fact, it is the same homomorphism as the one induced by the evaluation, after the indentification
Since G is connected, BG is simply connected and, by the long exact sequence of homotopy groups of the universal fibration, we get the isomorphism i * : (M, ω) . Lalonde and McDuff conjectured in [3] that the rational cohomology of the total space is isomorphic as a vector space to the tensor product of the cohomology of the base and the cohomology of the fibre. The conjecture has been proved in many particular cases. The examples include fibrations where the fibre is a Kähler manifold, fibrations for which the structure group is a compact Lie group, four dimensional manifolds [3] or nilmanifolds [5] . If (M, ω) is aspherical we get a stronger statement.
The group of Hamiltonian diffeomorphisms of a closed symplectic manifold has the property that the evaluation map induces the trivial homomorphism of the fundamental group. The proof of this fact is nontrivial and can be found in McDuff-Salamon [4, Corollary 9.1.2]. Thus we can apply Theorem 2.1 in the Hamiltonian case and Corollary 2.2 gives the following result.
